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An exception to this rule seems to be the case of NbSe 2 , a low-temperature superconductor (T c = 7K) where superconductivity emerges after a charge-density-wave (CDW) transition at higher temperature T CDW = 33 K. In this material a strong resonance in the Raman response [14, 15] appears below T c at about 2∆. This peak has been assigned long ago to the Higgs mode [16] , which becomes visible in Raman trough a direct coupling to the soft CDW phonon, present in the Raman response already below T CDW [17] . This interpretation seems to be supported by the recent observation [15] that no sharp peak appears in the isostructural superconducting NbS 2 , which lacks CDW order. However, no attention has been put so far on the fact that the observed strength of the Higgs resonance is much larger than what predicted by previous theoretical work [16, 18] . Indeed, even if the coupling to the phonon moves the Higgs singularity slightly below 2∆ [16] , any small residual quasiparticle damping will make its signature even weaker than what estimated in the clean limit [16, 18] . As we argue in the present Letter, the strong resonance observed experimentally in NbSe 2 demonstrates that the pre-existing CDW not only provides a mechanism for the Raman visibility of the Higgs mode, but crucially modifies its nature.
To address this issue we compute the Higgs mode and the Raman response in a microscopic CDW+SC model. In contrast to previous attempts [18] here the CDW and SC order parameters compete for the same electronic degrees of freedom, leading to the remarkable result that amplitude fluctuations are considerably cheaper than in the pure SC state, leading to a stronger Higgs resonance. Moreover, the weak square-root singularity of amplitude fluctuations at 2∆ of a conventional BCS superconductor is replaced in the CDW+SC state by a well-defined power-law divergence, with a strongly reduced damping. Thus, even if the SC instability occurs in the weakcoupling SC limit, the amplitude mode in the CDW+SC state resembles closely the one found in Lorentz-invariant relativistic theories suitable in the bosonic limit [5] [6] [7] . This effect influences also the phonon response in the mixed state, accounting for the large transfer of spectral weight between the two Raman peaks observed in the experiments [15] .
To elucidate the main effects of the coexistence of SC and CDW order we choose a simplified single-band model on the square lattice with band dispersion ξ k ≡ ε k − µ = −2t(cos k x + cos k y ) − µ , where t = 1 is the hopping (that fixes the energetic units from now on) and µ is the chemical potential. Near half filling (µ = 0) the nesting of the Fermi surface at the CDW vector Q = (π, π) allows for a CDW instability to occur, with new bands
Here we model it with an or-
where the γ k = | cos k x − cos k y | factor modulates the CDW in the momentum space, so that below T CDW the Fermi surface consists of small pockets around (π/2, π/2). This feature is reminiscent of the situation in NbSe 2 , where ARPES experiments [19] [20] [21] [22] [23] reported the presence of ungapped Fermi arcs below T CDW . Here the coupling W can be thought to originates either from a electronic interaction or from the coupling to a phonon, as we shall discuss below. The superconductivity originates from a BCS-like interaction term
is the pairing operator. When treated at mean-field level it leads to the following Green's function G
that accounts for the CDW band folding:
where ∆ 0 is the SC gap, σ i denotes the Pauli matrices andĥ is a 2 × 2 matrix:
The eigenvalues of the matrixĥ represent the two CDW bands ξ ± , while in the SC state the full Green's function (1) has four possible poles, corresponding to the energies
. To study the SC fluctuations we derive the effective action for the collective modes by means of the usual Hubbard-Stratonovich decoupling of H SC [25] . After integration of the fermions one is left with an action S = S MF + S F L for the collective SC degrees of freedom only, where
0 is the meanfield action and S F L [∆, θ] is the action for the amplitude ∆ and phase θ fluctuations around the BCS solution (1) above. With respect to the usual case here the presence of a CDW instability introduces in general in S F L a finite coupling between the SC fluctuations at q and q + Q. However, one can show that this coupling vanishes at half-filling, so for the sake of simplicity we will discuss in the following this case. Within the effective-action formalism the Raman response can be computed by introducing in the fermionic model a source term J coupled to the Raman density operator
Here Γ(k) is the Raman vertex, determined by the polarization of the incident and scattered photon [26] . After integration of the fermions the field J appears as an additional bosonic field in the action S F L , and the Raman susceptibility χ RR can be computed as:
where q = (q, Ω n ), with Ω n Matsubara frequencies. Finally, the Raman response is obtained by analytical continuation iΩ n → ω + iδ as
To elucidate the peculiar nature of the Higgs mode in the CDW+SC state we will first neglect the Raman response of the CDW phonon. The Gaussian action for the collective SC fluctuations reads:
Here χ AB (q) denotes the response functions computed with the A, B operators, where R identifies the Raman density ρ R , ∆ the pairing operator Φ ∆ , and χ 0 RR represents the BCS Raman response function in the absence of the collective modes. In the SC+CDW state the amplitude and phase/charge fluctuations remain decoupled at Gaussian level, as it occurs in the usual weak-coupling SC state [25] . In addition, in the presence of Coulomb forces the phase fluctuations do not couple to the Raman response at q = 0, while charge fluctuations, that in general screen χ 0 RR in the symmetric A 1g channel [26] , in the present case are ineffective since the charge-Raman coupling vanishes by particle-hole symmetry. The behavior of the amplitude fluctuations is controlled by the function X ∆∆ ≡ 2/U + χ ∆∆ in Eq. (4), since |∆(q)| = 1/X ∆∆ . In analogy with the usual SC case [11] one can replace the term 2/U by means of the self-consistent equation for ∆ 0 in order to get (at T = 0): where the summation is restricted to the reduced Brillouin zone and
In first approximation one can estimate the integral (5) by assuming that both the density of states N 0 and the CDW gap are constant (i.e. γ k = 1). In this case one can easily obtain that for ω 2∆ 0 :
In the pure SC case (D 0 = 0) the denominator diverges as a square-root at ω = 2∆ [11] , signaling the proliferation of single-particle excitations above this threshold, and X ′ ∆∆ ∼ 4∆ 2 0 − ω 2 near the Higgs mass ω = 2∆ 0 . In contrast, in the mixed state the CDW gap prevents the quasiparticle excitations and cut-off the denominator of Eq. (6), leading to a linear vanishing of X ′ ∆∆ at 2∆ 0 . Analogously, the imaginary part Γ ∆ ≡ −X" ∆∆ of the amplitude mode, that develops at 2∆, is strongly reduced in the CDW+SC state. These simple estimates are confirmed by the numerical calculation done for the real band dispersion, as shown in Fig. 1 , where we report both the X ′ ∆∆ and Γ ∆ in the two cases, with and without preformed CDW state. To account also for residual impurity scattering we added a finite constant broadening γ in the Green's function G 0 . As one can see in Fig. 1a , the weak square-root zero of X ′ ∆∆ , typical of the pure SC state [11] , is easily cut-off by a small γ ≪ ∆ 0 , and it is completely washed out by a γ ≃ 0.1∆ 0 . Instead in the SC+CDW state X ′ ∆∆ vanishes approximately linearly, and the residual broadening only shifts slightly the zero with respect to 2∆ 0 . At the same time, both the increase of Γ ∆ above 2∆ 0 and its tail below 2∆ due to a residual scattering are strongly reduced in the coexisting state, see Fig. 1b .
The modified nature of the Higgs mode in the coexisting state is evident in the Raman response, computed from Eq. (3) after Gaussian integration of ∆ q in Eq. (4), that is equivalent to compute the RPA vertex corrections due to amplitude fluctuations [26] . The Raman response function then reads:
where the second term of Eq. (7) represents the coupling to the Higgs mode, mediated by the fermionic bubble χ R∆ , given explicitly by:
Since in the A 1g channel the BCS contribution χ 0 RR is negligible, the Raman response probes essentially only the Higgs mode:
Notice that in the case of Eq. (9) the Raman visibility of the Higgs is guaranteed by the electronic process χ R∆ , that in the A 1g symmetry Γ(k) = cos k x + cos k y ) ∝ ε k is finite even if the coupling between amplitude and charge fluctuations, given by Eq. (8) for Γ(k) = 1, vanishes. However, this is still a small quantity, as one usually expect in the BCS limit due to approximate particlehole symmetry [16, 25] . Nonetheless, in the coexisting SC+CDW state the Higgs fluctuations are so strong to give rise to a sharp Raman peak, as shown in Fig. 2 in comparison to the usual SC case (D 0 = 0) computed for the same value of ∆ 0 (T = 0). As one can see, while in the pure SC state the Higgs mode appears as a broad feature starting at 2∆ 0 , as expected for an overdamped mode weakly coupled by χ R∆ to the light, the system with pre-existing CDW has a real sharp resonance at 2∆ 0 , that softens and looses intensity as T → T c . Even though the results of Fig. 2 demonstrate clearly the impact on the Raman response of the Higgs fluctuations in the mixed state, a full understanding of the experimental data in NbSe 2 requires to treat on the same footing also the contribution of the CDW phonon to the Raman response. Let us then model the coupling of the electrons to a phonon of energy ω 0 ,
. Below T CDW the amplitude fluctuations of the CDW renormalize the phonon energy to the value Ω 0 , such that Ω 0 vanishes at T = T CDW and Ω 0 ≪ ω 0 at T = 0 [27] , as observed experimentally in NbSe 2 [17] . At the same time, below T c the amplitude fluctuations of both the CDW and SC order parameters are coupled [18] , leading to a strong mixture between the phonon and the Higgs mode. In analogy with what suggested for CDW dichalcogenides [28] [29] [30] , the phonon becomes Raman visible below T CDW due to the coupling between charge fluctuations at q = 0 and q = Q. In the 
where
Notice that, in contrast to the approximation of Ref. [27] , here we retained in Ω 2 0 its full frequency dependence, so that Eq. (11) gives the inverse propagator for the CDW amplitude fluctuations, similar to its SC analogous X ∆∆ in Eq. (5). The resulting temperature evolution of χ RR in the A 1g channel is reported in Fig. 3a for ω 0 = 0.15 and g ≡ W/4ω 0 = 0.9, such that D 0 , ∆ 0 are the same shown in the inset of Fig. 2 . Between T CDW and T c only χ RD = 0 (see Fig. 3c ), so only the CDW phonon is visible (see inset of Fig. 3a) as a peak whose energy is much smaller than ω 0 and scales approximately as 2D 0 .
Below T c the coupling between the two amplitude modes, encoded in χ ∆D , leads to a double-peak structure, with a hardening and broadening of the phonon feature and the emergence of a second peak below 2∆ 0 , that is the signature of the Higgs mode. Notice that, once coupled to the phonon, the Higgs mode becomes visible in Raman even if its coupling to the light, encoded in the χ R∆ response function, is absent, as we show in Fig. 3b where we put explicitly χ R∆ = 0. However, the presence or not of a direct Raman channel for the Higgs influences the overall intensity of the Raman response, and the relative strength of the two peaks. Indeed, since χ ∆D is much larger than the other susceptibilities (see Fig. 3c ) the second term in square brackets of Eq. (10) partly screens out the response at the Higgs, that is then stronger when χ R∆ = 0. Nonetheless, the increase of the Raman spectral weight integrated up to ω ≃ 0.15, shown in Fig. 3d , is larger when χ R∆ = 0, due to the broadening of the phonon. The peculiar role played by χ R∆ can explain why in NbSe 2 the two peaks evolve in a different way in two different Raman symmetries [15] . Indeed, the specific band structure of NbSe 2 and the combined symmetry of the CDW and SC gaps can alter the relative weights of the two Raman response functions χ RD and χ R∆ in the various Raman symmetries, leading to a different evolution of the double-peak structure. Finally, we checked that also for the full response (10) the Higgs signature becomes strongly visible only when the Higgs mode is computed in the mixed state, in analogy with the results of Fig. 2 .
In summary, we computed the Higgs mode and its Raman signatures in a model system for a CDW superconductor. We showed that in the coexisting state the amplitude fluctuations diverge as a power-law at twice the SC gap value, and remain almost undamped, in contrast to the simple SC case. As a consequence the Higgs mode can mainfest itself as a sharp resonance in the Raman response, and strongly modifies the Raman peak associated to the CDW phonon, as it has been seen experimentally in NbSe 2 . On general ground our findings suggest that NbSe 2 is the ideal playground to observe the behavior of the Higgs mode predicted in relativistic O(N ) theories [5] [6] [7] , with the advantage of remaining undamped by the Goldstone (phase) modes since it occurs in the weakcoupling limit. This prediction could be further tested by non-equilibrium dynamics, where we expect a much slower decay of the amplitude oscillations with respect to conventional superconductors investigated so far [12] .
